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ABSTRACT

Generalized determinants and cofactor matrices for matric bialgebras are
investigated. Quantum orthogonal and symplectic groups and corresponding
quantum general linear groups are introduced as applications.

Introduction

Let M be a bialgebra over a field k. We say M is a matric bialgebra if it has a
set of generators x;, 1 =i, = n, such that

A(x,-,-)=k2 Xk ®xy,  elxy) =0y,
=1

where A and ¢ denote the comultiplication and the counit. As an easy
consequence of the finiteness theorem of coalgebras [S, p. 46] we see every
finitely generated bialgebra is a matric bialgebra. It is always possible to
construct the Hopf algebra H associated with M, by adding the entries of

iyt yititi
XL XM XL

where X = (x;),and () and ( )' denote the inverse and the transpose of the
matrix [M2, §7}, [T1, §1], [FRT2, §1, Thm. 8]. This general construction is of
course very awkward. In case M is commutative, the determinant g = | X| isa
group-like element of M, and it is enough to add its inverse to get H, i.e.,
H=Mlg™']
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A similar situation occurs in quantum group theory. There is a matric
bialgebra M, (n) which is a non-commutative polynomial algebra in £;, 1 =i,
J =n.Here, qis anon-zero element in k, and the commutation relation among
t; is expressed in terms of ¢ [D, (16)-(19), p. 810]. We review its construction
in §2. In this case, the ¢g-determinant g = | T'|,, where T = (¢;), is a central
group-like element in M (n), and we have only to add its inverse to get the
associated Hopf algebra H, thus H = M (n)[g~']. This Hopf algebra re-
presents the so-called quantum GL, GL,(n) [FRT]1, §2], [M1, §1]. In addition,
there is an n X n matrix T', the g-cofactor matrix, with entries in M,(n) such
that we have TT = gI = T'T, where I denotes the identity matrix.

Motivated by this example, we investigate matric bialgebras with genera-
lized determinants and cofactor matrices.

Let V' be the canonical #-dimensional comodule for the free matric bialge-
bra #,. With a subspace W (resp. an endomorphism f) of V™, the m-fold
tensor product of V, we associate a coideal N(W) (resp. Z(f)), called the
conormalizer (resp. cocentralizer), of #,. In §3, we develop generalities on
this construction, and give a criterion Theorem 3.8 in order for the relevant
quotient bialgebras such as .#,/(N(W)) or 4 ,/(Z(f)) to have determinants
and cofactor matrices. The previously mentioned fact on M,(n) follows
directly from this criterion.

There is an endomorphism 7, of V@ such that M (n)=#,/(Z(z,))
[D, p. 817], [FRT1, §2]. We call 7, the g-twist map of type A, since it comes
from the constant term of quantum R matrix of type A [J2]. In §4, we
introduce two more analogues 7.7, and investigate the associated bialgebras
MZ(n)=M,/(Z(1})). If ¢* + 1, the matric bialgebra M} (n) has a natural
group-like element y of degree 2 as well as the “g-transpose” 77, where T
denotes the canonical generating matrix, such that 77" =yl = T"T. (yand T’
depend on the signature * .) Hence y is central, and A;' (n) = M} (n)/(y — 1)
is a Hopf algebra. The Hopf algebra A4, (n) (resp. A4, (n)) represents a
g-analogue of the orthogonal (resp. symplectic) group, which we denote by
O,(n) (resp. Sp,(n)). (The same idea appears in [FRT2].)

In the classical case, ¢ = 1, the groups O(n) and Sp(n) are subgroups of
GL(n). But it seems difficult to embed their g-analogues O,(n) and Sp,(n) into
the previously mentioned GL,(n). We consider this is because the types are
different. In §5, §6, we try to construct two other g-analogues GL; (n) such that
O,(n) (resp. Sp,(n)) is embeddable into GL; (n) (resp. GL; (n)).

Manin [M1, 2] introduces g-analogues of exterior and symmetric algebras,
A (V) and S,(V). In our terminology, they are defined by the two eigenspaces
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of 7,. If ¢* # — 1, M,(n) can be reformulated by means of A (V) and S,(V)
[M2, §1, Thm. 3], since 7, is then diagonalizable and the cocentralizer Z(t,) is
the sum of the conormalizers of the eigenspaces. In §5, we construct their
orthogonal (resp. symplectic) analogues A (V) and S (V), and the associated
matric bialgebra M (n), by means of the eigenspaces of 7.t . We see M} (n)
is a quotient bialgebra of Mqi (n), and these new g-analogues of exterior
and symmetric algebras have similar bases as the classical case. In particular,
the 1-dimensional #-th component of A} (V) determines a group-like element,
called the g-determinant of orthogonal (resp. symplectic) type, of degree n in
Mqi (n). We expect there is a cofactor matrix relative to this new g-deter-
minant. However, the problem is not so easy as the case of M,(n) of type 4.
The final Section §6 is devoted to this problem. Our results (6.8, 6.9) show that
it is enough to evaluate at most n + 1 elements in k. For small values of » such
as 3, 5, we can evaluate these elements, but the general case is open. In the least
example M; (3), we can write down its defining relations explicitly to see it is a
non-commutative polynomial algebra in the entries of the generating matrix.
The general case is still open, though we expect it is true.
The results of this paper have been announced in [T2] without proofs.

1. Matric bialgebras and generalizations of the determinant and the cofactor
matrix

Throughout the paper we work over a fixed field k. By a matric bialgebra of
rank 7, we mean a bialgebra M which is generated by elements x;;, 1 =i,/ = n,
such that we have

Alxy) = kZ Xik ®xkj: e(x;) = 0y
=1

The n X n matrix X = (x;) is called a generating matrix for M (cf. [M2, §2.6]).
Every matric bialgebra is a quotient of the free (or universal) matric bialgebra

‘/”n=k<t117"'3tij9"'5tnn>'

We are interested in construction of the associated Hopf algebras (cf. [FRT2,
§1.6, Thm. 8], [M2, §7]). For a matrix bialgebra M with a generating n X n
matrix X, consider the following conditions:
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(1.1) There are a group-like element g in M and an n X n matrix X with
entries in M such that we have

XX =gl = XX,
where I denotes the identity matrix.

(1.2) If R is an algebra and if o.: M — R is an algebra map such that the
matrix o(X) is invertible, there is an anti-morphism : M — R such
that B(X) = (X)L

If M is commutative, both conditions are satisfied with g = | X |, the
determinant, and X, the cofactor matrix. So, the g and X in (1.1) are
considered as generalizations of the determinant and the cofactor matrix. Note
that (1.1) implies g is central, since we have gX = XXX = Xg. Generally, for a
central group-like element g in a bialgebra M, the localization M[g~!] has an
extended bialgebra structure with g ! group-like.

ProrosiTION 1.3. Conditions (1.1) and (1.2) imply that M[g~'] is a Hopf
algebra, i.e., has an antipode.

Proor. By (1.2), there is an anti-morphism S: M — M[g~'] such that
S(X)=g~'X. We have i *S = ue = S i under the convolution product [S,
§4.0}], with the canonical map i and the unit #. Hence we have S(g) =g~ !, and
S extends to the antipode. Q.E.D.

A non-commutative example of a matric bialgebra satisfying (1.1) and (1.2)
is given in the next section.

2. g-Matrices, the g-determinant, and the g-cofactor matrix

Let g be a non-zero element in k. Let X = (x;) be an # X n matrix with
entries in some algebra. We say X is a g-matrix if the following conditions are
satisfied (cf. [D, (16)—(19), p. 810]):

2.1) If(a,...,a,)isaroworacolumn of X, we have
a;a; = qa,a;, 1=i<j=n.
2.2) If(¢ 5)isa2X?2 minorof X, we have
bc=cb, da—ad=(q—q YHbc.

For a g-matrix X, the g-determinant | X |, is defined as follows:
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1 Xl,= X (- q)—l(a)xla(l)' * * Xno(nys
gES,

where /(g) denotes the number of inversions of g [D, ibid.], [M1, §3]. Let X; ;be
the (n — 1) X (n — 1) minor of X obtained by removing the j-th row and the
i-th column. The matrix

X = (—q) | X lg)y

is called the g-cofactor matrix. The following ¢-Laplace formula is implicit in
[FRTI1, Thm. 4] (cf. also [TT, Prop. 2.10)).

ProrosITION 2.3. If X is a g-matrix, we have
XX =|X|I=XX.

Consider conditions (2.1) and (2.2) for the generating matrix T = (¢;) of the
universal matric bialgebra .#, . These determine an ideal I, of .#,,, which is the
least one making T into a ¢-matrix modulo I,. We put M (n) = .#,/1,.

PROPOSITON 2.4. (a) I, is a bi-ideal of M, i.e., we have
Al)cL,Qu,+ 4,31, eI,)=0.

(b) | T|, is a group-like element in M, (n).
(¢) The matric bialgebra M ,(n) satisfies conditions (1.1) and (1.2) relative to
g = | T|, and the g-cofactor matrix T.

Proofs of Propositions 2.3 and 2.4 will be given in §4 (cf. [M2, §1, Thm. 3]).
The Hopf algebra M, (n)[| T, '] (resp. M, (n)/(|T|, — 1)) corresponds with
GL,(n), quantum GL (resp. SL,(r), quantum SL) [D], [M1, 2].

3. Conormalizers and cocentralizers

Fix an integer n, and put V = k" with canonical base v,, . . ., v, throughout
the rest of the paper. We use the natural right .#,-comodule structure

n
p(vj)= Z vi®tij, j=l9~~~’n7
i=1
where ¢; are the canonical generators for .#,. For any m =0, let V™
be the m-fold tensor product of V, which is also a right .#,-comodule, since
M, is a bialgebra. We introduce an inner product ( , ) on V™ such that
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v,®:--Qu,, 1 =i,...,i, =n, form an orthonormal base. We define
¢: V™R V™ — ¢, by putting

() @ v) = Liyis
Where v(,') = v,~,® e ®l),-m and t(i)(j) = ti|j| . timfm fOI' (l) = (ila seey lm) and (]) =

U -5 Jm)- The [1, n]™ X [1, n]™ matrix (;y;) will be denoted by 7. We
have

3.1 HxQy)=X (X, V)2,

a

(3.2) Apx ®y) =2 o(x ®y.)®z.,,

ifp(»)=2,y.Qz, forx,yin V™,
For a subspace W of V™), we put

N(W)=g(W'Q@W),

where W= (x €V | (x, W) =0).

For an endomorphism fof V™), we put

Z(f)=Im(g-(IQf— f*®I)),
where f* denotes the adjoint of /| i.e., the map such that
(f*(x),y) =(x, fly))y, forx,yin V™.
ProrosITION 3.3. (a) N(W) is a coideal. It is the least subspace such that
p(W)C WM, + VRQNW).
(b) Z(f) is a coideal. It is the least subspace such that
Im((f®I)ep —pf) CVPRZ(S).

(¢) Let F be the matrix of frelative to the base v, (i)E[1, n]™. Then Z(f) is
spanned by the entries of the [1, n]™ X [1, n]™ matrix T"WF — FT"™,
(d) Iffis diagonalizable with eigenspaces W,, we have

Z(f)= @ N(W)).

Proor. The second assertions of (a), (b) follow directly from (3.1), and the
first assertions follow from this, together with (3.2). (c) is a restatement of (b).
(d) For any a €k, we have Im( f* — o) = Ker( f — a)*. Hence we have
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IQf—f*RNV™RW,)= Wi QW,.
This implies (d). Q.E.D.

N(W) (resp. Z(f)) is called the conormalizer of W (resp. the concentralizer
of f). It follows that N(W) (resp. Z( f)) is the least subspace, in fact the least
coideal, such that W is a subcomodule of V for .#,/N(W) (resp. f is a
comodule endomorphism for .#,/Z(f)).

ProrosiTION 3.4. (a) For a linear endomorphism f of V™), the matric
bialgebra M ,/(Z(f)), quotient by the bi-ideal generated by Z(f), satisfies
condition (1.2).

(b) If we have a vector space decomposition V™ =W, @ ...-DOW,, the
quotient matric bialgebra M ,[(N(W)), . .., N(W,)) satisfies condition (1.2).

Proor. Take an invertible n X n matrix 4 = (a;) in an algebra R with
A~'=(b;). Define an algebra map a:.#,—~R and an anti-morphism
B: 4 ,— R Dy setting o(t;) = a;and f(t;) = b;;. Put

g=(IQa)ep and h=IQB)-p

which are maps V™ — V™ Q@ R. Extend them into right R-linear endomor-
phisms g, & of V™ @ R. They are inverses of each other. It follows from
Proposition 3.3 that « vanishes on Z(f) (resp. on N(W)) + - - - + N(W))) if
and only if g commutes with f®]1 (resp. g induces automorphisms of W; @ R
for all i). If this is the case, the same holds for its inverse 4. This means
vanishes on the same space yielding the required anti-morphism. Q.E.D.

There is a natural algebra automorphism 6 of .4, such that 6(t;) =¢;,
1 =i,j =n.Itis a coalgebra anti-morphism, and we have

0(o(x @) =e(y®x), forx,yin V™,

We are interested in @-stable bialgebra quotients. For instance, if fis a
symmetric, i.e., such that f* = f, endomorphism of ¥, then Z( f) is 6-stable.
If further fis diagonalizable, then the eigenspaces W, are orthogonal to each
other, and we have

Z(f)= D ow,@W,).

A%y

LEMMA 3.5. Let L be a 6-stable coideal of #,. If W is a subspace of V™
such that
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p(NC WM, + VML
then Wt C V™ also satisfies
p(WHC WM, + V™RL.

Proor. The first inclusion is equivalent with N(W) C L. This implies
N(W*) C 6(L)= L, the second inclusion. Q.E.D.

We give a criterion in order for a -stable bialgebra quotient of .# , to satisfy
condition (1.1).

AssUMPTION 3.6. We are given the following data: an integer m >0, a
symmetric endomorphism f of rank 1 of ¥ with Im(f) = kz, a symmetric

endomorphism f* of rank » of V™~V with a base u,, ..., u, for V=D mod.
Ker(f’) such that {(u;, /(4;)) = J;;. There are a;;, b;, and ¢ # 0 in k such that
3.7 z= 2 a;v; ®fl(uj) = 2 bijf'(ui)®vj,

i 5]

and (a;)(by) =cI.

With the assumption, let L be a §-stable bi-ideal of .#, containing both Z( f)
and Z(f’), and let M = .#,/L. By assumption, f and f* are M-comodule
endomorphisms. In particular, the 1-dimensional M-comodule kz determines
a group-like element g in M with p(z) = z @g. There are p; in M such that

p(f,(uj))=2f,(ui)®pya 1=j=n,

since f’(y;) span an M-subcomodule. We see p; is the image of ¢(u; ® f'(u,)),
since (u;, f'(u;)) = o;. It follows that 6( p;) = p;;, since f” is symmetric and

09(u; ® f'(u;)) = o f"(;) ® u;)=(w; ® f"(1;)) modulo L.

THEOREM 3.8. With assumption 3.6, let L be a 6-stable bi-ideal of M,
containing both Z(f) and Z(f"), and let M = .# ,/L. Put

T = C_l(atj)Pt(bij)a
where P = (p;) with p; the image of ¢(u; ® f"(w;)). We have in M
TT =gl = TT.

ProoF. Ifwe write z = f{{) with { €V, then (z, {) # 0, since Ker(f) =

Im(f)*. This implies 6(g) = g, since (z, { )gis the image of ¢({, f({)) which is
f-invariant. Applying p to (3.7), we get
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(3.9 T(ay)P' = g(ay),

(3.10) P(b)T* = g(b;).

Applying 8 to (3.10), we get

(3.11) PH(by)T = g(by).

The assertion follows from (3.9) and (3.11), if we note (a;}(b;) =cI. Q.E.D.

If in particular L is of the form in Proposition 3.4, for instance L =
(Z(f), Z([")), then M = #,/L satisfies conditions (1.1) and (1.2), and we get
the associated Hopf algebra M[g~']. As an application we deduce Proposi-
tions 2.3 and 2.4 in §4.

4. g-Twist maps

We define a symmetric endomorphism 7, of V'®, called the g-twist map of
type A, as follows:
,=9%¢;Qe;+ ¥ ¢,8e; +(q—q7") ¥ ¢;Bey,
i inj i<j
where e; denote matrix units [D, p. 817], [J1, p. 250], [FRT2, (1.5)]. When

g =1, it is the usual twist map x ® y — y ® x. 7, satisfies the braid condition
as well as

(41) (Tq"lI)(Tq'*‘q_l):O

[J1, ibid.). Hence it is diagonalizable with eigenvalues g, — ¢!, if g> # — 1.

It is known [D, ibid.] and easily verified that an # X n matrix X with entries
in some algebra is a g-matrix if and only if X® commutes with 7,. It follows
that I, = (Z(1,)), hence I, is a bi-ideal of .#, and M,(n)= #,/], satisfies
condition (1.2), by Proposition 3.4.

We prove the other parts of Propositions 2.3 and 2.4 as an application of
Theorem 3.8. Take a permutation ¢ €S,, with / = /(g), the number of inver-
sions. Write ¢ as a product

(4.2) c=(a,a+1)-(a,a+1)
of transpositions with 1 = a;, <m. For 1 £a <m, put

,=IQ---® 1, ®..-Q I EEnd(V'™).
(a,a+1)
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One sees the product

‘L'a=‘[al- -.Tal

does not depend on the expression (4.2) [J1]. Put
fo= X (—q)™"1, EEnd(V™)

OES,

(“symmetrizer” [ibid.]). We see the pair (f,, f,_,) as (f, f7) satisfies Assump-
tion 3.6 together with the following data:

Uu=v0--Q_1Q®,,9--Qu,, 1=i=n,
2= 3 (=) "0, ® - - - Quyqy

CES,

= Z (=)' ®f— i) = 2 (— @)~ "foi(u) ®u;.

Hence Propositions 2.3 and 2.4 follow from Theorem 3.8.

Next we define the g-twist maps of types B-D, which come from the
constant terms of quantum R matrices [ J2]. We assign signature + (resp. —)
to the orthogonal case, i.e., types B, D (resp. the symplectic case, i.¢., type C).
Sometimes we omit the signature, for instance in 7" or .

Assume the fixed integer n is even in the symplectic case. Let ¢ # 0 in k.
Assume ¢ has a square root ¢"? in k if nis odd. For 1 <i<n, let i’'=
n+1—i.Weput

i—n/2, i<i’ ' o
i=10, i=i' and ;={’_‘”Z‘1’ o
i—ni2—1, i>i Eo iz P>t
(orthogonal case) (symplectic case)
We put ¢, = — 1 if i > i’ in the symplectic case, and ¢; = 1 for all other cases.

The g-twist maps 7, and 7, are defined as follows:

1 =2 (ge; Qe; +q7'e;, Qey)

i

(4.3) + Y 6;®e; + ey, ey,

i#).j

+(@—q7") Y (¢;RPe; — 8i8jqr_fei’j ®ey),

i<j
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where ny=(n +1)/2, and the term e,, ®e,, is used only if n is odd
(cf. [FRT2, 1.4]). They are symmetric satisfying the braid condition as well as

(t ) +qa7 ) —q'7") =0,
@9 (7~ @)y +a7Ng +a7 M) =0,
For a n X n matrix X = (x;) with entries in an algebra, we put
X = (.67 %0y

(Note that the concept depends on the signature.)

DEerFINITION 4.5. X is called a g-orthogonal (resp. g-symplectic) matrix if
X® commutes with 7' (resp. 7,7 ) and if XX’ =1 = X'X.

DEFINITION 4.6 [T2, Def. 1], [FRT2, Def. 11]. We define quotient bialgebras
Mg (n)= M, N(Z(1;)),
AF(n)=MF)/(TT' =1=T'T),
where T denotes the canonical generating matrix.

Thus, A7 (n) is the matric bialgebra of rank n generated by a universal
g-orthogonal (resp. ¢g-symplectic) matrix.

ProrosiTION 4.7 [T2, Prop. 2], [FRT2, Thm. 5].

(@) A} (n) is a Hopf algebra.

(b) If g* # 1, there is a group-like element y (of degree 2) in M} (n) such that
TT =yl = T'T. Thus M} (n) satisfies conditions (1.1) and (1.2), and we can
identify

AE(n)=MEm)(y —1).

ProOF. We put

s s
(2 —zgigjq ! ’e,-j®e,~:jz
L]

which is symmetric of rank 1. Let X be an # X n matrix in an algebra. By a
direct calculation, one sees X® commutes with e; if and only if XX’ = X'X =
yI for some element y in the algebra. We have X®Pe* = I if this is the case. It
follows that the bialgebra quotient .#,/(Z(e; )) satisfies conditions (1.1) and
(1.2), relative to (y, T”), and in particular its quotient by (y — 1) is a Hopf
algebra. On the other hand, we have
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(tf —agXt +a =@ '—q)q' ",

(ty =)ty +47 ) =(""—q)g"" "¢ .
(There are further relations for 7}, ¢ leading to the Birman-Wenzl-Murak-
ami algebra.) Since we can identify

Aqt (n) = ('/”n/(z(tqt )a Z(eqi ))/(V - 1)’

(a) follows from the above argument. If g2 # 1, ¢ is a polynomial in 7/} , hence
Z(ej) is contained in Z(z,; ). This yields (b). Q.E.D.

Note that the pair (e, I) as (f, f7) (m = 2) satisfies Assumption 3.6 together
with 4, = v,and z = %, £, 'v, ® v,. The corresponding T is precisely 7.

We denote by O,(n) (resp. Sp,(n)) the quantum group corresponding to the
Hopf algebra A, (n) (resp. 4, (n)), and call it the quantum orthogonal (resp.
symplectic) group. (In [FRT2, Def. 11], the same quantum groups are intro-
duced under different symbols.)

5. g-Exterior and g-symmetric algebras

Manin [M1, 2] defines some g¢-analogues of the exterior and symmetric
algebras to reformulate the matric bialgebra M, (n) of type A. We explain this
approach from the viewpoint of §3, and generalize to other types B-D.

Case A. The g-twist 7, has eigenvalues ¢, — g~ '(4.1). If ¢* # — 1, we have
a decomposition into eigenspaces
Ve = Wq SwW_

—g¢ 1

yielding Z(1,)) = N(W,)ONW_,-)=o(W,QW_,-)DHW_,-®W,) (see
above Lemma 3.5). We define the following quotient algebras of the tensor
algebra T(V) (quadratic algebras as Manin calls)

A V) =TW(W)),
S (V) =T)(W_,),

where (W), (W_,-1) denote the ideals generated by W,, W_,-1. By means of
the canonical base vy, . . ., v, we can rewrite

AWMy =k(v,...,v)W}, vy +quy;, (0 <)),

SN =k(v, ..., v) W, —quy; (G <))).
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The products v; -« v, with i; < ... <i, (resp. i) = - - - =i,) form a base for
A (V) (resp. S (V). They are called the g-exterior and g-symmetric algebras of
type 4 (cf. [M1, 1.2, 3.2], [TT, §2]). It follows that A_(n) can be reformulated
as the largest bialgebra quotient of .4, which co-normalizes both A (V) and
S,(V), if ¢># — 1 (see [MI1, 1.4]). In addition, the g-determinant |T[, is
determined by the n-th component of A, (V):

p(v--v)=0v--1,Q|T|,.

Case B,D. The g-twist 7,5 has eigenvalues g, —q~', ¢' 7" (4.4). Assume
these are distinct. We have a decomposition into eigenspaces

| 40 . Wq+ (e WqT-. (45) qu_. ,

of dimensions n(n + 1)/2 — 1, 1, n(n + 1)/2 respectively. (W;,'_. is spanned by
z=2,q 'y, ®v;). This yields

Z(z}) = N(WYONW L) ON(W2 ),
= @ KW Q Wu+) (A, zrunningover ¢, ¢' ", — ¢~Y),

Ay

and in particular the eigenspaces are subcomodules for M’ (n). The group-like
element y of Proposition 4.7(b) corresponds to the l-dimensional one
Wi.ipz)=z 7.

By comparison of the dimensions of eigenspaces, we define the following
algebras [T2, Def. 3]:

AN =TWWS, W),  Sf(N=TWHWZ-).
(Note that (W @ W i)' = W)

ProOPOSITION 5.1 [T2, Prop. 4). (a) The algebra A} (V) is defined by n
generators v,, . . ., v, and the following relations:

@) v}=0,ifi #i,

() vy =—q oy, ifi<j, i #j,

(i) vov, = —vv+ @' — Q2 ¢ T v, ifi <V,

(iv) V2 =(@7"* = 4" Zkcn, @ Ve,
where ny=(n + 1)/2, and (iv) is required only when n is odd.

(b) The products v;- - -v, with iy < - - - <i, form a base for A} (V).

PRrROPOSITION 5.2 [T2, Prop. 5). (a) The algebra S; (V) is defined by n
generators vy, . . . , v, and the following relations:
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Q) yo=quy, ifi<j,i#J,
() vevy =v0, + (@' = q) Zick<n @' F 000
+ qi+|—-n°(q——|/2 _ ql/Z)v'%o’ lfl <il,
where ny= (n + 1)/2, and the last term in (ii) is required only when n is odd.
(b) The products v+ - -v, with i, < - - - <, form a base for S} (V).

ProoF. In both propositions, (b) follows from (a) by an easy application of
the Diamond Lemma [B). To prove (), it is enough to find generators of the
eigenspaces. One sees, W, is spanned by v, ®u; (i #i"), v, Qv + qy; Oy,
(<j, i#7), ¢7'v®v— 0,4 Qv — 1,2, Qv +quQu; (i + 1 <ny),
and ¢, 1 @ Ups1 — (" + 470, vy + g, 11 ® 0, -, (if 1 is odd), and
Wi by ;@0 —qu®u (i <j, i #j), 1,00, —qu; 1 Qv+ ¢ v ®
Vi1 — 0@ (( +1<ng), and v, vy + (7" — "0, v, — U1 ®
Un,-1 (if # is odd). The description of (a) follows from this. Q.E.D.

We call A (V) and S; (V) the g-exterior and g-symmetric algebras of
orthogonal type. (Cf. [FRT2, Def. 12].)

DEFINITION 5.3.
M (n) = M [NV @ W), NW2,)
= M NHWF OWNQW ), (W ®(Wy @ W),

This is the largest bialgebra quotient which conormalizes both A} (V) and
S;F (V). Obviously, M, (n) is a quotient of it. Mq‘” (n) satisfies condition (1.2)
by Proposition 3.4(b).

PrROPOSITION 5.4 {T2, Prop. 7]. We have
A} (n)=M; (n(TT' =1=T'T).

ProoF. The relation 77" = I = T'T implies T® commutes with e, (4.7),
and ;' has eigenspaces Wi, W; @ W*,-. Hence the quotient in the
right-hand side conormalizes each W', WqT_,,, WZ,-1. Therefore it is a
quotient of M/ (n). Q.E.D.

By Proposition 5.1(b), there is a I-dimensional subcomodule kv, - - - v, of
Aj (V) for M;‘ (n). This determines a group-like element g (of degree n) of
M;‘ (n): p(vy- - -vy) =1, - -v, ®g. The group-like element g, denoted by | T,
if there is no confusion with the previous ¢-determinant, is called the g-deter-
minant of orthogonal type.
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EXAMPLE 5.5. Ifn =3,
| T'|, = tyitpatss — Inlatys — Lylnts
+ g7 (= tiatats + tatahs + tatyts).

This follows from Example 6.11(a).
It is very likely that the bialgebra M;“ (n) satisfies the following properties
just as M (n).

PROBLEM 5.6. (a) Is there a cofactor matrix T in M’ (n) relative to the
g-determinant | T'|, of orthogonal type?

(b) Do the ordered products of #; (relative to some ordering) form a base for
M (n)?

(c) Is M, (n) an integral domain?

We consider Problem (a) in §6. To present | T}, explicitly is also a question.
If all items are affirmative, we may think the Hopf algebra M (n)[g~']
represents a new g-analogue of GL(n), denoted by GLj (n) (which was
denoted by GLJ(n) in [T2]), and called the quantum GL of orthogonal type.
Proposition 5.4 means the quantum orthogonal group O,(n) is the closed
subgroup of GL; (n) defined by the equation 77" =1 =T'T (just as in the
classical case). The quantum SL of orthogonal type, SL; (n), is the subgroup
defined by | T'|, = 1. As the intersection

SO (n) = Oy(n) N SL; (n)
We can well-define the g-analogue of SO(n).

Case C. This goes quite parallel to the above. Assume the g-twist 7,” has
distinct eigenvalues g, —g~!, —g~'=". Let

VO =W @WI, 1 DWW~

be the decomposition into eigenspaces. The dimensions are n(n + 1)/2, 1
(spanned by z~ =2, 69 'v,®v;), and n(n + 1)/2 — 1 respectively. By com-
parison of the dimensions, we put

Ay (M) =T, ),
Sy (V)= T(NI(WZg1-0, WZgm).

The algebras are called the g-exterior and g-symmetric algebras of symplectic
type. We have similar expressions and bases as Propositions 5.1 and 5.2. We
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define the bialgebra Mq' (n) as the largest quotient which conormalizes both
A7 (V) and S; (V), just as 5.3. Then the Hopf algebra 4, (n) coincides with
the quotient of Mq‘ (n) by TT"=1=T'T, and we can consider problems
analogous to 5.6. If we can answer affirmatively, we will have GL, (n)
(denoted by GL(n) in [T2]), the quantum GL of symplectic type. It is likely
Sp,(n) is always contained in SL; (n), but is open.

6. The cofactor matrix of a g-orthogonal matrix

We consider Problem 5.6(a). For simplicity, assume » = 2m + 1 is odd, i.e.,
we are in Case B. (The other cases are similar.) Proposition 5.1(b) holds for
other orderings, for instance relative to the ordering

Uiy Ups Ugs Up—15 + « « 5 U Um+2 Um+1-

In this section, we use this ordering, and all ordered products of y; are taken
with respect to it.

The n-th component of A] (V) is spanned by v = v, - - - v, , and the (n — 1)-
th component by

LEMMA 6.1. In the algebra A (V), we have
U,'Wj = 5,-jaj15, W,'Uj = 5Uij

where

L 2 i<

a = b,-=q ifi=m+1,
-1, —q¥ ifi>m+1.

ProoF. Exercise left to the reader. (Use 5.1(a).)

LetJ = (W}, W,-») be the defining ideal for A} (V). For 0 = r = n, consider the
r-th component J,, together with J* in V' relative to the canonical inner product
(§3). (Note that M;' (n) = M, /(§(J,®J3), ¢(J+ ®J,)).) We have

Ve =J,@ks, Ve V=J, _ @k{w,1=i=n},

where 9 =,® - - Qv and W, = ® - - -3 - - - @, ;. It follows that there is
a base u for J; (resp. u,, . . ., u, for J;_,) such that (u, 5) = 1 (resp. (u;, w;) = ).

CoROLLARY 6.2. With the notation of 6.1, we have
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u=3av,Qu =Y buQu,.
i i

ProoF. SinceJ,=V®J,_,+J,_,®V, we have
Ja=®Ji )N, V).

If we write u =Z, ;o;v;®u;, we have oy = (v;®W;, u). On the other hand,
Lemma 6.1 means v; ® w; — §;a;9€ J,, whence (v; ®W;, u) = d;a;. Similarly we
have the second equality. Q.E.D.

LEMMA 6.3. (u;, u;) =0 unlessi=j.

Proor. We give a Z™ X Z/(2)-gradation on T'(V) by imposing

i m+1
degy,=(,...,1,..., o .
eg v, = (0, 0) ifi <y,
degv,=(0,...,—1,...,0)

deg v =0, .......... , 1)

One sees (5.1(a)) J, and J;* are graded subspaces of ' for all r. It follows that
u; is homogeneous with the same degree as w; (or w,). They are orthogonal to
each other, since they have distinct degrees. Q.E.D.

We use the induced comodule structure
p:VO—=VOQM(n).

Since J, is a subcomodule, it follows from Lemma 3.5 that J; is also a
subcomodule. Let g = | T'|, be the g-determinant of orthogonal type. Since we
have p(9) = ¥®g by definition, it follows that g = (the image of) ¢(u & J),
yielding

(6.4) pu)=u®0(g).
If we put p; = (the image of)) ¢(w; ® u;), we have
(6.5) p() =X u; @ py.

With the notation of 6.1, let
A =diag(a,,...,a,), B=diag,,...,b,)
be the diagonal matrices. It follows from 6.2, 6.4, 6.5 that we have

A0(g)=TAP* and BO(g)=PBT!
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where T = (¢;) the canonical generating matrix, and P = ( p;). Especially we
have
Bg = 0(P)BT.

Hence Problem 5.6(a) will be affirmative if the following conjecture is true:

CONJECTURE 6.6. (a) 8(g)=2¢g.
(b) B~'6(P)B =AP'A™".

If this is the case, we have TT = gI = TT with T = AP'4~'. Note that (b) is
equivalent to

(6.7) Hgu; ®w) = oW, ®q¥u;), 1=i,j=n
(equality in M} (n)), since a;b; = g*.
LEMMA 6.8. If(u,u) # 0, we have 0(g) = g.

ProoF. We have (u,u)g =o((u, u)u ®79) = ¢(u®u) in M, (n), since
u —(u, u)v€J; (= ku*). Hence g is f-invariant. Q.E.D.

PROPOSITION 6.9. If q¥(u;, u;) are a non-zero constant ¢ which does not
dependon i (1 =i = n), then B~'0(P)B = AP'A~!.

ProoF. The equality (6.7) will follow if we show
(6.10) quuj ®W,- — Wj®q2[u,-€J,,_1 ®J,',L_| + J:’-l ®Jn_1

since J,_, and J;_, are conormalized by M;’ (n). The assumption, together
with Lemma 6.3, tells that V"~V =7, _ @J}_,. Since the left side of (6.10) is
orthogonal to J,_,®J,_,, it is enough to claim it is also orthogonal to
Ji ®Ji . fwetake 1 =k, ! =n, we have

(9%, @w; — w, ® ¢%u;, u; Q uy.)
= (4%, w;) — q* (s, ;)0
=0
by assumption. Q.E.D.

Assume g% (u;, u;) are a non-zero constant c. It follows from 6.2 that

(,uy =X (up ) =cXg¥=c(@ ' =g N1+ "Ng—q )"

Hence 6(g) = g by 6.8, unless ¢ is a root of 1.



250 M. TAKEUCHI Isr. J. Math.

It is likely that the assumption of 6.9 is valid, hence Problem 5.6(a) is
affirmative, unless q is a root of 1. We can evaluate ¢*(u;, u; ) if n is small, but
at present it is open for general n.

ExXAMPLES 6.11. (a) n = 3. We have
U =190, — quQu,,
U=00v;,—1580v + (@ " — ¢"), R vy,
U =0, — g '1,Qu.

Hence the assumption of 6.9 is true with ¢ = g + ¢~ '. The cofactor matrix 7°
will be

sty — Qlsolas hatzy — Glpatss — hiatyy + qlistx
—tals+q s tats— haty — (@ — g7ty it — gty
—tytny+q tpty — tutn + 47t tutny — q 'ty

(b) n =5. Similarly, the assumption of 6.9 is valid with
c=(@+qg V(g +qg Ng+qg '+ 1)

Thus Problem 5.6(a) is affirmative for n = 3, 5 unless g is a root of 1. When
n =3, we can write down explicitly the defining relations for M;‘ (3)[T2, §4].
The result tells that 5.6(b) is also true in this case. It is open for general #.

The matric bialgebra M' (n), which is a quotient of M;‘ (n), has two natural
group-like elements y of degree 2 and g, the image of g, of degree n. We can
naturally expect

(6.12) =g

This means in particular the g-determinant of a g-orthogonal matrix is a
square root of 1.

We claim briefly the equality (6.12) is true with some restriction. With the
canonical M (n)-comodule structure on T(V), we have p(9)=0®¢ and
p(2)=zQ®y, withz=2,4""1;®v,. The map VO— V¥ xQy > xQzQy
is a semi-comodule map relative to the multiplication by y, which is a
coalgebra endomorphism of M, (n). If z! denotes the image of z, it follows
that
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p(z%) = Ay

More generally, if zI"! denotes the image of z under the r-times iteration
V@ — V@) we will have

p(z") =@y,

Hence, if the image of z" in A} (V)® A} (V) is dv®vwithd # 0 in k, we can
conclude y" = g2

EXAMPLE 6.13. If n=3, d=(g+q ")g+q '+ 1). We have (6.12)
unless g>=1org’>=1.

In characteristic zero, it is easy to see d # 0 if ¢ is transcendental over Q
(consider modulo g — 1).
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